A method of solving the Bagley-Torvik equation with time delay has been presented in this article, which is based on the physical meaning of that equation and thus avoid the history dependence of it. The most important thing is that the fractional term of the Bagley-Torvik equation is transformed into a solution of a partial differential equation, which is then converted into a set of ordinary differential equations afterwards. An approximation of a boundary condition of the partial differential equations is used as a crucial point. Numerical results have indicated that the computational efficiency has improved significantly. We consider a numerical example with Hopf bifurcation caused by time delay of the Bagley-Torvik equation, which shows that the presented method is computationally more efficient than the predictor-corrector (PC) algorithm with the same time step length.
Solution Procedures
Let  indicate the time delay, ( ) f t indicate an external excitation, and (0) x and (0) x  be the initial conditions, the Bagley-Torvik equation with time delay can be written as 3 
Then consider a PDE ( , )
t y y u y t u y t  ,
whose initial and boundary condition are ( ,0) 0
According to preceding study [5, 22] , we can get
which is based on Laplace transform, then
Hence, Eq. (1) can be written as
The most important procedure is the approximation of the boundary condition lim ( , ) 0 
so we can derive ( , 0)
In order to expand ( , ) w y t into Fourier series, we expand it as
Then we can derive
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Besides, we can derive
and Eq. (6) can be written as
Let ( ) ( )
and N be the number of the first truncated terms, and Eqs. (12) (13) (14) can be written as
where . Compared with the predictor-corrector (PC) algorithm [7, 8] , we can observe agreement between two methods from Fig.  1 , both of which select the step length 0.01 t  
. It reflects the validity of the new method. Notice that the origin is a stable fixed point when 1.8   . As shown in Fig.2 , the solution tends to a limit cycle when  increases to 2.3 , which illustrates a Hopf bifurcation caused by the change of time delay  . Next we consider a more general numerical example 
Summary
The Bagley-Torvik equation with time delay leads to Hopf bifurcation in appropriate conditions. And we presented a fast method in order to solve this kind of equation. We drew our inspiration from the physical meaning behind the equation. The most important thing is that the Bagley-Torvik equation can be regarded as infinite ordinary differential equations with integer order. Based on this, we transformed fractional term of the Bagley-Torvik equation into a solution of a partial differential equation, which was converted into a series of ordinary differential equations afterwards. The key trick here is the approximation of a boundary condition of the partial differential equation.
Numerical results also show that the computational cost of the new method decreases significantly, compared with the classical PC algorithm. It reflects the advantage that we made use of the physical meaning of the equation, which avoid the history dependence of the computational process. Therefore, the computational time of the new method increases linearly along with the computational step, while it is a quadratic increase for PC algorithm.
Due to the accuracy and efficiency of the proposed scheme, our further work will be devoted to analytically investigate the Hopf bifurcation of the time delay FDEs based on eigenvalue analysis of the equivalent ODEs. perhaps with emphasis on the stability of the periodic responses and possible routes to chaos. Frankly, these are still extremely challenging research topics.
